Abstract: Wavelength switchable and dual-wavelength soliton operations are demonstrated in an erbium-doped fiber laser with three pieces of TI Bi 2 Se 3 polyvinyl alcohol (Bi 2 Se 3 -PVA) film. Wavelength switchable operation from 1532 to 1557 nm could be achieved just by adjusting the pump power. With the appropriate settings of PC and pump power, a novel dual-wavelength soliton operation was observed. The dual-wavelength pulses operate at different mode-locked states. One is the single pulse mode-locking operation at 1532 nm, and the other one is the bound-soliton states at 1557 nm. However, the dual-wavelength soliton operation cannot be stable for a long time. The numerical results demonstrate that the separations of bound pulses have small variation and that the phase difference of bound pulses appear jumping change of π.
Introduction
Multi-wavelength mode-locked fiber lasers have attracted considerable research interest due to their versatile applications in optical fiber sensing, optical communication, optical signal processing, and biomedical research. It has been demonstrated experimentally that the passive mode-locking technique is an effective way to achieve multi-wavelength mode-locked fiber lasers, including artificial saturable absorbers (SAs, such as nonlinear polarization rotation [1] , [2] , nonlinear optical loop mirror [3] ) and real SAs (e.g., semiconductor Fabry-Perot saturable absorber mirrors [4] , carbon nanotubes [5] , graphene [6] , graphene oxide [7] , and topological insulators(TIs) [8] ). Owing to fiber inherent birefringence, the mechanism of wavelength-selection is automatically implemented without additional components [9] - [11] . Therefore, passively mode-locked fiber lasers become an ideal test-bed for the investigation on the formation and characteristics of the multi-wavelength soliton pulses. So far, various multi-wavelength mode-locking operations, such as tunable and switchable multi-wavelength dissipative solitons [12] - [14] , dual-wavelength conventional solitons [2] , multiwavelength conventional solitons [15] , [16] , multi-wavelength noise-like square-pulses [17] , dualwavelength harmonic mode locking pulses [18] , and dual-wavelength bound-state solitons [5] , have been observed in fiber lasers. However, there are many interesting soliton interactions [19] , [20] that have not been reported in multi-wavelength passively mode-locked fiber lasers. TIs Bi 2 Se 3 , as a high-nonlinearity optical material [21] , is considered as a SA for facilitating the nonlinear optical phenomena and multi-wavelength pulse generation [22] . TIs have been intensively investigated on passively mode-locked fiber lasers [23] - [25] , Notably, fiber lasers based on TIs were found to form various multi-soliton patterns [26] , bright-dark soliton pair [27] , dual-wavelength rectangular pulse [28] , and various dual-wavelength pulse patterns [22] .
In this paper, we experimentally observed the wavelength switchable and dual-wavelength soliton operations in an erbium-doped fiber laser with three pieces of TI Bi 2 Se 3 polyvinyl alcohol (Bi 2 Se 3 -PVA) film. Depending on the pump power, the central wavelength of the mode-locked pulse can be switched from 1532 to 1557 nm. With the appropriate pump power and settings of PC, a novel dual-wavelength soliton operation can be achieved. The dual-wavelength pulses operate at different mode-locked states. One is the single pulse mode-locking operation at 1532 nm, and the other one is the bound-soliton states at 1557 nm. The dual-wavelength soliton operation cannot be stable for a long time. The numerical results demonstrate that the separations of bound pulses have small variation and that the phase difference of bound pulses appear jumping change of π. Fig. 1 shows the diagram of the experimental setup of a passively mode-locked fiber laser based on a Bi 2 Se 3 SA. The laser is pumped backward by a 980 nm laser diode (LD) through a 980/1550 wavelength-division-multiplexer (WDM). The gain medium is a 48-cm-long erbium-doped fiber (EDF, Liekki Er 80-4/125) with the absorption of 80 dB/m at 980 nm. A polarization insensitive optical isolator (PI-ISO) ensures unidirectional operation of the fiber laser. A polarization controller (PC) is engaged to optimize the polarization state of the circulating propagation light for stabilizing the mode locking. A 20% port of a fused coupler is set as the laser output. The Bi 2 Se 3 -PVA film acts as a mode locker and is introduced to fiber laser by sandwich structure between two fiber ferrules, as demonstrated in the inset of Fig. 1 . The fabrication process of Bi 2 Se 3 -PVA film used in our experiment is same as that of reported in [29] and [11] . To provide a strong pulse shaping ability, three pieces of Bi 2 Se 3 -PVA film are transferred and stacked on the fiber end as the SA shown in Fig. 2 . The total thickness of the Bi 2 Se 3 -PVA SA is about 80 μm. The nonlinear absorption properties of the stacked multi-film SA are characterized by power dependent absorbance measurement [25] . This gives a modulation depth of about 12% and a saturation intensity of 77 MW/cm 2 . The non-saturable loss was measured to be about 48%. The rest of the fiber in the cavity is the standard single-mode fiber (SMF-28) with a length of 482 cm. The total length of the cavity is 530 cm. The group-velocity dispersions for the EDF and SMF are about −25.8 ps/(nm·km) and 18 ps/(nm·km) at 1550 nm, respectively. The net cavity dispersion of the laser system is estimated to be about −0.08 ps 2 , which allows traditional soliton formation in the cavity. The output pulses are monitored by a 25 GHz sampling oscilloscope (6 GHz bandwidth) coupled with a high-speed photodetector (12.5 GHz bandwidth). An optical spectrum analyzer with 0.02 nm resolution is used to measure the output spectrum. A commercial optical autocorrelator is employed for confirming the single pulse operation.
Experimental Setup

Experimental Results and Discussions
With appropriate orientation and pressure settings of the PC, owing to the SA insertion loss of about 2 dB, the continuous wave emission at 1560 nm started with 23 mW pump power, which indicates the intracavity loss is larger than that of report in paper [5] and [30] , where the threshold of continuous wave operation is only 9 mW. By increasing the pump power to 40 mW, self-starting mode-locking operation could be easily achieved at 1562 nm. The output pulse spectrum exhibits the typical characteristics of the conventional soliton with spectral side-bands, as shown in Fig. 3 .
From Fig. 3 , we can see when the pump power was increased to 120 mW, the center wavelength of mode-locking operation shifted to 1557 nm, at the same time the soliton operating at 1532 nm began to appear and its spectrum intensity gradually increased with the increase of the pump power. The wavelength shift is due to the change in the gain spectrum of EDF with the pump power. It is mentioned in reference [30] . At the pump power of 160 mW, the dual-wavelength mode-locking operation at 1557 and 1532 nm was achieved simultaneously. To obtain the smooth spectrum and stable pulse train of dual-wavelength operation, the PC state needed to be adjusted to balance the gain for two wavelengths [31] , [32] . Further increasing the pump power, the mode-locking soliton operation at 1557 nm disappeared and the single wavelength mode-locking operation remained only at 1532 nm. Hence, we concluded that the operating wavelength can be switched from 1557 nm to 1532 nm by increasing the pump strength. Similar results are also obtained from the mode-locked EDF lasers based on carbon nanotubes [30] .
In our experiment, the dual-wavelength operation can be easily obtained with three pieces of Bi 2 Se 3 -PVA film, while it is difficult to realize with one piece of Bi 2 Se 3 -PVA film, although the single wavelength of 1560 nm mode locking can still be achieved. The multiple pieces of Bi 2 Se 3 -PVA film are likely to lead to the appropriate cavity loss, which can equilibrate effective gain for two wavelengths in the fiber laser since the operation wavelengths are strongly dependent on the intracavity loss [2] , [5] . Under the pump power of about 155 mW, the coexistence of single-pulse at 1532 nm and bound state pulses at 1557 nm was obtained by carefully adjusting the PC state. Fig. 4 exhibits the characteristics of the novel operation state. As is shown in Fig. 4(a) , the spectrum at 1557 nm is modulated periodically that results from the interference of neighbor solitons, while the spectrum at 1532 nm distributes obvious Kelly sidebands. It is evident that there are diverse mode-locked states at different central wavelengths. One is the single pulse mode-locking operation at 1532 nm, the other one is the bound-state soliton at 1557 nm. The two lasing wavelength spectra have 3-dB bandwidths of 1.5 nm and 6.5 nm, respectively. Fig. 4(b) presents the pulse train for the dual-wavelength modelocking state; the upper inset is the pulse-train with wider range of 1 μs. The pulse separation is about 25.8 ns, which corresponds to the cavity round-trip time. From the oscilloscope snapshot, it is found there are two sequences of pulse trains on the oscilloscope because the relative movement between the two pulse trains was observed, which means that two pulse trains have the different cavity round-time. The pulse at 1557 nm owned higher pulse energy corresponds to the pulse train with greater intensity. The RF spectrum of dual-wavelength mode-locking pulses is demonstrated in Fig. 4(c) . There are two fundamental repetition rates of 38.718 and 38.716 MHz, which correspond to the different operating wavelengths of 1532 and 1557 nm, respectively. Both signal-noise ratios of two operations are higher than 50 dB and the operation at 1557 nm is more stable than that at 1532 nm.
By using a band-pass-filter to separate the two wavelengths of 1532 nm and 1557 nm, the autocorrelation traces were measured, as shown in Fig. 5 , which further confirmed single-pulse state at 1532 nm and bound state pulses at 1557 nm. If the pulse profile is considered as a sech shape, the pulse width of the mode-locked pulse at 1532 nm is about 1.7 ps (see Fig. 5(a) ), while the pulse duration at 1557 nm is about 500 fs (see the Fig. 5(b) ). Both pulses are slightly chirped. The autocorrelation trace of Fig. 5(b) provides seven peaks in approximate ratio 1/3, 1/3, 1/3, 1,1/3, 1/3, and 1/3, which results from the existence of three pulses with equal amplitudes. The different time separation leads to non-uniform distribution of the peak position. Therefore, there is a triple-soliton bound state at 1557 nm. The time separations between adjacent pulses are 1.7 ps and 10.2 ps.
It is worth noting that the novel operation state can only be stable for up to 20 minutes. For example, it can be changed from one bound state (see Fig. 4(a) ) to another (see Fig. 6 ) in spite of all the other cavity parameters are fixed, which is likely to be attributed to the soliton collision due to the relative movement between the two pulse trains. Compared to the bound state of Fig. 4(a) , not only the pulse separations change but the relative phase differences of the bound pulses also change in Fig. 6. 
Analysis of Bound States Change
Since the intensity autocorrelation trace does not provide the phase information, we have carried out a numerical simulation by using the same method described in [33] . Assume that f(t) is the complex amplitude of the slowly varying envelope of a single soliton, for a triple-soliton bound state with pulse separations of t 1 and t 2 and phase differences of ϕ 1 and ϕ 2 , it can be described in the time domain by
A Fourier transformation to (1) was made to get corresponding spectral intensity distribution. Based on the experimentally obtained separation of autocorrelation peaks, we assume that the triple-soliton bound state is constituted by three sech-shaped soliton with duration of 500 fs and adjacent pulse separations of 1.7 ps and 10.2 ps. Fig. 7 shows the triple-pulse shape in time domain and its corresponding autocorrelation curve, which is well coincident with the measured autocorrelation trace of Fig. 5(b) .
The simulation spectra with blue curve are plotted in Fig. 8 . Fig. 8(a) is the spectrum shape of three bound solitons (blue curve) in frequency domain when t 1 = 1.7 ps, t 2 = 11.9 ps, ϕ 1 = π, and ϕ 2 = π, which is in agreement with the measured optical spectrum of Fig. 4(a) (red curve).
The simulation result indicates the adjacent two pulses with a small separation are out-of-phase and the adjacent two pulses with a large separation are in-phase. Fig. 8(b) is simulation spectrum of three bound solitons (blue curve) when t 1 = 2 ps, t 2 = 12 ps, ϕ 1 = 0, and ϕ 2 = π, which is in agreement with the measured optical spectrum of Fig. 6 (red curve) . It shows the adjacent two pulses with a large separation are out-of-phase and the adjacent two pulses with a small separation are in-phase. The numerical results demonstrate that when the optical spectrum changes from Fig. 4(a) to Fig. 6 , the adjacent pulse separations of 1.7 and 10.2 ps turn into 2.0 and 10.0 ps, and the phase difference of ϕ 1 jumps from π to 0. Compared Fig. 4(a) and Fig. 6 , it can be found that the difference of the pulse separation and fixed phase can lead to the change of the first-order Kelly sideband [34] .
The formation of the dual-wavelength bound-state soliton depends on selecting the pump power and the settings of PC. The bound-state soliton operating at 1532 nm was also observed in our experiment. This phenomenon had been reported in a nano-tube/microfiber mode-locked fiber laser [5] . We conjecture that the relative gain level at 1532 and 1557 nm determines the formation of the bound state. For example, if the net gain at 1557 nm is higher than that at 1532 nm, the bound-state soliton would be inclined to generate at 1557 nm. The detail formation mechanisms need to be confirmed by further experiment.
Conclusion
The experimental observations for wavelength switchable and a dual-wavelength soliton operation was reported in an erbium-doped fiber laser with three pieces of TI Bi 2 Se 3 polyvinyl alcohol (Bi 2 Se 3 -PVA) film. Wavelength switchable operation from 1532 to 1557 nm could be achieved just by adjusting the pump power. With the appropriate settings of PC and pump power, a novel dualwavelength soliton operation can be obtained. The dual-wavelength pulses operate at different mode-locked states. One is the single pulse mode-locking operation at 1532 nm, the other one is the bound-soliton states at 1557 nm. However, the dual-wavelength soliton operation cannot be stable for a long time. The numerical results demonstrate that the separations of bound pulses have small variation and the phase difference of bound pulses appear jumping change of π. Meanwhile, it also provides the experimental evidence that the topological insulator could serve as both the SA and the highly nonlinear optical component for observing the multi-soliton dynamics in fiber laser.
